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the reduced image isa Shape-from-shadi&is treated in this correspondence as an example of such difficulties. Reduction of the gray level -resolution of an image, as often done in image "pyramids," does not correspond to images obtained by reducing the shape resolunbn: the 3-D resolution of an object The correspondence between gray level and shape resolutions is therefore diiussed, and a method is proposed for using multinxolutlon approach in the case of shape-from-shading.
It is concluded that a study of the relation between image resolution and estimated-uarameter resolution should be done before using any Index Term.+-Multiresolution, pyramids, shape-from-shading.
I. INTRODUCIION
When image intensity is not a linear function of the parameters, as in the case-of shape-from-shading, the obvious reduction of image resolution will not give outimal results. This corresnondence studies -.
one specific case of shape-from-shading, and analyzes the relation between shape resolution and image resolution. Shape from shading methods try to reconstruct a 3-D surface from an intensity image when the surface reflectance properties are known. This correinondence treats surfaces with Lambertian reflectance nronerties.
In this se&n we will briefly review the Lambertian reflectance model and a proposed solution to the shape from shading problem, and describe the multiresolution pyramid.
A. The Lambertian Reflectance Model
Given a surface S and a point light source at direction i, the surface is called Lambertian if the amount of light R reflected from the surface S is a function of the angle between the light direction t and the surface normal fls. It will be assumed that the reflectance coefficient of the surface is 1. and it will be omitted from all eauations. The 1 reflectance function of the surface S at every point can thus be written as follows:
By denoting p = $$ and q = g, the surface normal can be written as I?= = (-l,p, q). Given a light source in the direction 2 = (-l.p~, qL), the Lambertian reflectance function with surface derivatives (p, q) can be written as at a point Manuscript received September 10, 1989; revised June 14, 1990 . Recommended for acceptance by R. Woodham. This work was supported by the Israeli NCRD. Part of this work was performed while S. Peleg was with David Samoff Research Center, Princeton, NJ.
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B. A Shape-from-Shading Algorithm
In shape-from-shading the inverse problem of the reflectance model is solved. Given a gray level image I of an object with a Lambertian surface, the surface S is to be reconstructed. This problem is underconstrained, and at any point the observed reflectance R can correspond to many (p, q) pairs. Brooks and Horn [l] added a smoothness constraint on the surface derivatives. They developed an iterative algorithm to compute the surface derivatives (p, q), minimizing the error between the observed intensity and the computed reflectance, giving weight to a smoothness term. The error term at every image point is E(P, q) = (I-R(P, q))' + A. V(P, q), where I is the given intensity at the point, R is the intensity computed from the suggested (p, q) using the reflectance model, V(p, q) is the smoothness term for (p, q) at the point, and X is the weight given to the smoothness term. The smoothness term was computed as
The iterative step to compute p,+l from p; [l] is as follows:
where ji is the local average of p at iteration i, Z is the observed image gray level, and R(p;, qi) is the intensity predicted by the reflectance model. A similar equation holds for qi+l. The average used in this paper to compute i and i is a convolution with 1 4 1 f 4 0 4 .
( 1
This average is slightly different from the average of four closest neighbors as originally used in [l] , having somewhat better directional symmetry. This algorithm needs boundary conditions on (p, q) in order to converge,&d it can give a nonintegrable solution;'integrating (p, q) on a closed nath will not give zero as it should for derivatives 1 of a true surface. Frankot and Chellappa [3] proposed to enforce integrability on given (p, q) estimates by projecting the estimates onto an appropriate space of functions using the Fourier transform. Ikeuchi and Horn [4] proposed to use Gaussian sphere coordinates instead of the (p, q) coordinates. The Gaussian sphere system enables enforcement of boundary conditions for any slope, unlike the (p, q) system that has singularity points. However, the Gaussian sphere approach was not used in this paper as the equations in the (p, q) domain are much simqler.
On a picture with N pixels, one iteration step of (3) takes O(N2) operations. Including the integrability constraint of [3], additional 0( N2 log(N)) operations are needed at each iteration. The total number of iterations is on the order of O(N). This computational complexity suggests the introduction of a multiresolution scheme for speedup. Correct application of multiresolution turned out to be non trivial, as is shown in Section II. This correspondence will describe a method to reduce image resolution in a way which is compatible with reduction of shape resolution. Another approach to fast multiresolution shape from shading, using hierarchical basis conjugate gradient method, has recently been presented [7] . An image pyramid is a sequence of copies of an original image in which resolution and sample density are decreased, usually in regular steps. Let Go be the original image, which forms the "basis" of the pyramid. Go is convolved with a low pass filter w, then subsampled by discarding every other row and column to form GI, the "first" level of the pyramid. Gr is then filtered and subsampled to form Gz, and so on. In general, for I > 0, this can be written concisely in terms of a convolution operator:
Here the notation [.]~2 indicates the image contained within brackets is subsampled by a factor of 2 in each spatial dimension. In typical pyramids the low pass filter w is similar to a Gaussian function, and the pyramid is called a Gaussian Pyramid.
The filter w is called the generating kernel. In practice this is chosen to be small and separable, so that the computation cost of the filter convolution is kept to a minimum. Pyramid construction is a fast algorithm that generates a full set of filtered images at a cost typicall;less-than lOWoperations per pixel of the original image.
Many iterative algorithms take advantage of the pyramidal structure. The first iterations are computed on a reduced image G, with little computational cost. The result is then expanded in size, and additional iterations are performed on Gl-1. This process continues until the final iterations are performed on the full-size image GO. The advantage of this process is that most iterations are performed on images of reduced size, significantly decreasing the computational cost.
II. SURFACERESOLIJTIONANDINTENSITYRESOLUTION For the intensity pyramid to be of any help in the computation of shape from shading, the following assumption should be true. Let la be the gray level image of the surface SO. Reducing the resolution of 10 into Zr should yield the same image as the image of surface S1, which is obtained by reducing the resolution of surface SO. In earlier work, Terzopoulos [9] and Simchony et al.
[6] used a simple gray level pyramid for multiresolution shape-from-shading, with reasonable results on very simple shapes. They have used the surface computed on a reduced resolution image as an approximation for the higher resolution surface. Unfortunately, the operators of reduction of resolution and imaging (using the reflectance model) do not commute, and in general this simple approach can fail badly; see Fig. 1 . Following is a one-dimensional example. In this example we will view the reduction of resolution as filtering, and we will omit the subsampling stage.
Example: Let the 1-D surface be SO = cos (2x~). Blurring SO into S1 using a Gaussian filter .& . e-z*2o gives the smoother surface S1 = cas(2~s) In the 1-D case, viewed and illuminated from above, 7. (2) becomes where p = g.
As S1 has smaller derivatives than SO at all points, its image R1 should be brighter than the image of SO everywhere. And indeed & is closer to a smooth plane which gives highest intensities. On the other hand, if 11 is a smooth (blurred) version of lo, then the relation 10 < 11 can never be true for every point. 11 will just be closer to the average of la at every point, and so RI # Il. This example is also displayed in Fig. 2. III. BLURRING SURFACE REFLECTANCE In this section a method is described for estimating the reflectance R1 of a reduced resolution surface Sr from the gray level image IO = RQ.
It can be assumed that the blur operator and the derivative operator commute (both are convolutions). Therefore, if the surface derivatives (p, q) could be estimated from 10 they could be blurred, and RI could then be generated from these smoothed derivatives. But as the main problem is to compute these surface derivatives, we will rather compute T2 = tan(cYg,)', where "117, is the angle between the surface normal and the (vertical) lighting direction. From (1) and (2) we can get for every image point:
and T= ltan(oG,)I = /q= ,/m.
T is computed from the image intensities R. Given T, R can be computed by using the following equation:
As T = II(p,q)II is the norm of (p,q), then crT = II(cxp,cyq)II. Simply stated, multiplying T by a constant corresponds to multiplying the surface derivatives by a constant. This is used to estimate the function T of the reduced resolution surface given the original surface. Resolution reduction involves blur followed by subsampling, and the critical stage is the blur. Therefore, the function T of the blurred surface should be estimated given the function T of the original surface.
When the derivatives (~1, q1) and (~2, q2) are similar at two adjacent point, then II(p1, ~1) + (~2, q2)11, the norm of the smoothed surface, can be approximated by ll(p1,q1)11 + II(p~,q2)11, smoothing the two surface norms. This holds, of course, for any local convolution operator. So blurring the surface derivatives (p, q) by convolving with a Gaussian, and then computing T of the blurred surface, can be approximated by blurring the original T. This approximation is more accurate when the derivatives (p, q) do not change quickly, i.e., the surface is smooth. If on the other hand the derivatives (p, q) do change quickly, then the estimate will no longer be accurate. Blurring T, the norm of (p, q), will give higher values than the norm of (blurred(p), blurred(q)). But even in this case the image obtained after blurring Twill be closer to the correct image than a simple gray level blur.
In summary, to estimate the image of the blurred surface we take the original image R, compute from it the array T using (6), blur T, and recompute an intensity image using (7). This procedure gives the exact image of the low resolution surface for one dimensional case where there is no sign changes in the slope. For other cases this procedure is an approximation giving a much closer estimate than just smoothing the image. This is displayed clearly in Fig. 3 , where the reduced resolution images are getting brighter as the slopes are getting smaller. IV. PYRAMIDAL SCHEME FOR SHAPE-FROM-SHADING Based on the value T as computed in (6) the suggested algorithm for building the gray level pyramid for shape from shading purposes is as 1)
2)
3)
4)
follows: TO is calculated from the given input image ZO using (6). A Gaussian pyramid TO . . . T,,-1 is being built, whose basis is TO, as described in Section I-C. The pyramid has n levels, chosen such that T,-r will still have significant shape information. We have experimented with pyramids whose smallest levels were of size 32 x 32. Using (7), the gray level image Z?r is calculated for every pyramid level Z'r. The images Ri constitute a gray level pyramid, which is the estimate of the reduced resolution surface reflectance. The multiresolution shape-from-shading algorithm is performed using the Ri pyramid. First, (pn-l,qn-l) are computed from R,-1 using any shape-from-shading algorithm, for example the one described in Section I-B. The obtained low-resolution derivatives (p;,q;) are than expanded into (pi-~,q;-I), to be used as an initial guess for the computation of the (p,q) derivatives at the level i -1 of the pyramid. The process is repeated until the (p, q) derivatives are computed for the full resolution image. With this pyramidal scheme most iterations are being performed on low resolution images, saving significant computations.
V. EXPERIMENTAL RESULTS
The proposed multiresolution scheme has been tested on two simulated surfaces of size 128 x 128, displayed in Fig. 3 . ZO was numerically calculated from the surfaces using (2). A three-level reflectance pyramid was then built using the scheme of the previous section: Ro = ZO of size 128 x 128, RI of size 64 x 64, and RZ of size 32 x 32. The blurring of the T-pyramid was done The resolution is reduced according to the algorithm described in Section IV. The surfaces, as well as the intensity images of the reduced surfaces, are displayed in Fig. 3 . It should be noted that the overall brightness of the reduced resolution images is significantly higher than the brightness of the higher resolution images. This occurs as the reduced resolution surfaces are more flat, their brightness should thus increase, and this effect is captured in our scheme for resolution reduction.
Boundary conditions for (p,q) where calculated from SO on the surface boundaries, and reduced in resolution for the other levels. The coefficient X of (3) was taken to be 7000 in all the runs. Fig. 4 shows the surfaces reached by shape from shading algorithms without using pyramids. It shows both the regular shape from shading without using the integrability constraint (sfs), and using the integrability constraint (sfsi). In the case which did not use the integrability constraint during the iterations, it was applied once after convergence to enable the creation of a displayable surface.
Figs. 5 and 6 display the surfaces obtained using the pyramidal algorithm with and without the integrability constraint. Fig. 5 displays the surfaces in the multiresolution pyramid at all three levels. Fig. 6 displays the surfaces in the multiresolution pyramid when the integrability constraint was enforced after every iteration.
All algorithms gave results of similar quality, differing mainly in the computational cost. Table I summarizes the number of iterations needed to reach convergence, and the error between the calculated and the known (p, q). The computational speedup of the multiresolution approach is evident, and this speedup improves with the complexity of the images.
VI. CONCLUDING REMARKS
A method has been presented for image resolution reduction which simulates the reduction of shape resolution, to be used with shapefrom-shading algorithms. Resolution reduction has been used for accelerating shape from shading algorithms using multiresolution pyramids.
The goal of this correspondence is to show that resolution reduction based only on image intensities can be inferior to resolution reduction using knowledge of the surface reflectance. This is true for all cases of parameter estimation from intensity images, when the intensity is not a linear function of the parameters.
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each of these windows, a new square (or primitive) of side i s h [35] . For the moment, no restriction is assumed on the matrix size, provided that it meets some obvious readability conditions. Thus, for example, the pictures in Fig. 1 may count as input instances of the character "2" (as produced by two distinct handwritings) digitized in matrices of sizes 16 x 32 and 8 x 14, respectively. Due to the enormous variety of writing styles and graphical
